We study the supergravity dual of four-dimensional N = 1 superconformal field theories arising from wrapping M5-branes on a Kähler two-cycle inside a Calabi-Yau threefold. We derive an effective three-dimensional theory living on the cobordism between the infrared and ultraviolet Riemann surfaces, describing the renormalization group flows between AdS 7 and AdS 5 as well as between different AdS 5 fixed points. The realization of this system as an effective theory is convenient to make connections to known theories, and we show that upon imposing (physical) infrared boundary conditions, the effective three-dimensional theory further reduces to twodimensional SU (2) Yang-Mills theory on the Riemann surface, thus deriving a correspondence between the gravity duals of a class of N = 1 superconformal field theories arising from wrapping M5-branes on a Riemann surface and two-dimensional YangMills theory on the same Riemann surface.
Introduction
A fruitful perspective on a large class of four-dimensional superconformal field theories is to compactify the six-dimensional N = (2, 0) theory, which arises as the low energy effective worldvolume theory on a stack of M5-branes, on a Riemann surface [1, 2] . In order to preserve some supersymmetry, such theories are engineered by imposing a partial topological twist in six-dimensions. An interesting way to study such dimensional reductions is by considering them as renormalization group flows on the holographic dual supergravity side from the ultraviolet AdS 7 to the infrared AdS 5 geometry [3] . In practice, one imposes the partial topological twist holographically in the ultraviolet AdS 7 regime (corresponding to the dual of the N = (2, 0) theory), thus allowing for arbitrary metric on the Riemann surface. Upon evolving along the renormalization group flow to the infrared AdS 5 fixed point one can either leave the topological twist manifest or relax that assumption in the bulk of the flow (i.e. only set it as a ultraviolet boundary condition). The latter approach was employed in [4] to prove that for particular types of flows, the metric on the Riemann surface "smoothes out" to a constant curvature metric in the infrared. In this paper, we study the particular setup of a stack of M5-branes wrapping a genus-g Riemann surface Σ g , giving rise to N = 1 superconformal field theories in four dimensions. On the field theory side, this corresponds to a reduction of the six-dimensional N = (2, 0) theory on Σ g with a partial topological twist preserving N = 1 supersymmetry. The corresponding M-theory setup is given by the M5-branes wrapping a calibrated Kähler two-cycle inside a Calabi-Yau threefold. Locally, the corresponding Calabi-Yau threefold can be described as the total space of a complex rank-two vector bundle V C over the Riemann surface
with U (2) structure group. In the holographic supergravity approximation, this system was studied in [6, 7] , by reducing the bundle V C to two complex line bundles L 1 and L 2 over the Riemann surface L 1 ⊕ L 2 → Σ g . This breaks the U (2) structure group down to its maximal torus. In supergravity, this results in truncating the gauged supergravity theory down to the Abelian U (1) × U (1) theory of [8] , and in [6, 7] , they work out the corresponding renormalization group flows from the ultraviolet AdS 7 , with slices at constant radius given by R 3,1 × Σ g , to the infrared AdS 5 × Σ g fixed points. Furthermore, they study and compare various quantities from the supergravity and field theory perspective. Subsequently, it was pointed out in [9] , that some of those quantities bear resemblance to (physically) similar objects in two-dimensional SU (2) Yang-Mills theory on the same Riemann surface and its Morse theory treatment [10] .
2
One goal of the current paper is to solidify and generalize this connection, by explicitly deriving the two-dimensional Yang-Mills theory at the infrared AdS 5 fixed point from a rather general supergravity setup.
For the purpose of this paper, we study this system of M5-branes wrapping a Riemann surface Σ g from an alternative angle, motivated to some extent by the AGTcorrespondence [12] .
3 Namely, instead of treating it as an eleven-dimensional M-theory or seven dimensional effective gauged supergravity, we reduce the theory to an effective three-dimensional theory, which naturally appears upon imposing a physically wellmotivated ansatz. The three dimensional theory lives on the cobordism M 3 given by the radial (renormalization group flow) direction r times the Riemann surface (see Figure 1 and Figure 2 ). This effective three-dimensional "cobordism theory", for which we 2 There is no obvious relation between this statement and the correspondence between the fourdimensional N = 2 superconformal index and two-dimensional q-deformed Yang-Mills [11] . 3 We thank S. Gukov for discussing this idea with us.
Figure 1: A schematic sketch of the holographic renormalization group flow R 1 from the ultraviolet (top) AdS 7 , whose slices at fixed radial coordinate r are given by
, to the infrared (bottom) AdS 5 × Σ (IR) g fixed points. The cobordism, M 3 is given by the evolution of the geometry of the Riemann surface along the flow. Furthermore, as showed in [4] , the metric on the Riemann surface "uniformizes" in the infrared.
can write down an explicit Lagrangian, then describes the geometry and fields of the evolution of a general class of holographic renormalization group flows. For instance, it describes the renormalization group flow R 1 of Figure 1 , between the ultraviolet (asymptotically twisted) AdS 7 solution and the infrared AdS 5 fixed points. In general, the metric on the Riemann surface in the ultraviolet Σ (UV) g can be picked arbitrarily, since one imposes a topological twist asymptotically, guaranteeing that we have proper supersymmetric solutions. In the infrared, the Riemann surface Σ (IR) g is then "smoothed out" or "uniformized" as compared with Σ (UV) g [4] . Another example of an interesting renormalization group flow R 2 , also described by the effective three-dimensional "cobordism theory", is sketched in Figure 2 , interpolating between different AdS 5 solutions.
The perspective on such renormalization group flows in terms of an effective "cobordism theory" is convenient if one wants to make explicit connections to other (known) theories. For instance, in the current paper, we exploit it to explicitly realize the connection between AdS 5 fixed points and the two-dimensional SU (2) Yang-Mill theory on the Riemann surface Σ (IR) g , upon explicitly imposing natural, physically motivated infrared boundary conditions on the "cobordism theory", requiring the entire system The organization of this paper is as follows. We start in section 2 by introducing the relevant N = 1 twist for M5-branes wrapping a genus-g Riemann surface Σ g . In section 3, we briefly introduce the Lagrangian and supersymmetry conditions of the maximally supersymmetric SO(5) gauged supergravity, which is our main tool in the following. We continue in section 4 by first introducing our ansatz in seven dimensions, and then we discuss the effective three-dimensional "cobordism theory" that crystallizes upon imposing this ansatz. In section 5, we impose physically relevant infrared boundary conditions (leading to AdS 5 vacua) on our three-dimensional effective theory and show that (to leading order in the infrared limit) it reduces to two-dimensional SU (2) Yang-Mills theory. Finally, in section 6 we discuss some consequences of our results, and propose some future directions.
2 Four-dimensional N = 1 superconformal field theories from M5-branes
We now briefly recall how to obtain N = 1 superconformal field theories upon compactifying the six-dimensional N = (2, 0) theory on a genus-g Riemann surface Σ g [6, 7, 13, 14] (for a more in depth discussion, we refer the reader to [7] ). 4 To preserve N = 1 supersymmetry requires us to implement a particular topological twist. The six-dimensional N = (2, 0) theory has OSp(6, 2|4) superconformal invariance, whose bosonic subgroup is given by SO(6, 2) × U Sp(4) ∼ SO(6, 2) × SO(5) R , the latter factor being the R-symmetry group. To implement the the partial topological twist, we have to embed the SO(2) symmetry of the spin connection of the Riemann surface into the R-symmetry group.
Geometrically, the four-dimensional N = 1 field theory is engineered as a stack of M5-branes on R 3,1 × Σ g . More precisely, to preserve N = 1 supersymmetry, the M5-branes are wrapping a calibrated Kähler two-cycle Σ g inside a Calabi-Yau threefold (see for instance [15] ). Locally (around the zero-section), the Calabi-Yau threefold can be described by the total space of a complex rank-two vector bundle V C over the Riemann surface Σ g with structure group U (2), and the fact that it is Calabi-Yau requires
with det V C → Σ g the determinant bundle of V C , and K Σg the canonical bundle of Σ g . Consequently, we may write the Calabi-Yau threefold as the total space of a bundle K Σg ⊗Ṽ, withṼ an SU (2) bundle over the Riemann surface Σ g .
For instance, one can recover the N = 2 twisted case (class S) by picking an appropriateṼ bundle such that the total space simplifies to C × T * Σ g . Alternatively, if the structure group ofṼ reduces from SU (2) to U (1), the Calabi-Yau threefold is decomposable, and one arrives at the case discussed in [6, 7] , where the Riemann surface Σ g is a calibrated Kähler two-cycle in a (local) Calabi-Yau threefold given by the total space of the bundle
where L i are complex line bundles of Chern numbers c 1 (L i ) = n i for i = 1, 2. Thus, in terms of the more general setup, this case is given by V C = L 1 ⊕ L 2 , and one has to impose the Calabi-Yau condition K Σg = L 1 ⊗ L 2 , which translates to
Notice that in this case, there is an associated symmetry U (1) 1 × U (1) 2 acting as phase rotations of the respective fibers of the complex line bundles L i .
Seven-dimensional gauged supergravity
We now introduce our main tool, the seven-dimensional maximally gauged supergravity, which was shown to be given by a consistent truncation of eleven-dimensional supergravity on a four-sphere [16] [17] [18] . Thus, any solution of this theory gives rise to a solution in eleven dimensions, and therefore in the current paper we shall restrict to dealing with this effective theory.
The maximally supersymmetric seven-dimensional SO(5) gauged supergravity was introduced in [19] , and is given by the gauging of an SO (5) (5) g , and fourteen scalars T ij parametrizing the coset SL(5, R)/SO(5), with T ij being a symmetric matrix with |det T | = 1. 5 The bosonic Lagrangian of the theory is given by
where * 7 is the seven-dimensional Hodge star, and the covariant derivatives and field strength are as follows
Furthermore, the scalar potential is given by
and Ω (7) is a Chern-Simons type term, whose explicit form can be found in [19] .
Finally, we write down the supersymmetry conditions for the seven-dimensional SO(5) gauged supergravity
where Π I i are composite scalars related to T ij as follows
and we introduced symmetric and anti-symmetric composite gauge fields P µ ij and Q µ ij respectively via
Lastly, capital letter gamma matrices Γ i are elements in Cliff(5, 0), lower case ones γ µ are elements in Cliff(6, 1), and the covariant derivative acts on the Killing spinors as follows 8) with ω µ mn the seven-dimensional spin connection. Finally, the mass parameter m is related to the gauge coupling via g = 2m .
(3.9)
4 Three-dimensional effective "cobordism theory"
We now motivate our ansatz for the seven-dimensional gauged supergravity theory, describing M5-branes wrapping a Riemann surface Σ g inside a Calabi-Yau threefold, and subsequently discuss the resulting three-dimensional "cobordism theory" that arises upon imposing this ansatz.
In the general setup of N = 1 superconformal field theories arising from a twisted compactification of the six-dimensional N = (2, 0) theory on a Riemann surface Σ g , Σ g is a calibrated two-cycle inside a Calabi-Yau threefold. The directions transverse to the M5-branes arise from four directions tangent, and one (flat) direction normal to the Calabi-Yau threefold. The corresponding normal bundle has U (2) structure group, and the condition for supersymmetry is given by requiring (locally) vanishing first Chern class of the total space, which translates to a relation between the Chern classes of the normal bundle and the one of the tangent bundle of Σ g . Thus, for our (local) supergravity analysis in the seven dimensionoal SO(5) gauged supergravity, we are expected to decompose SO(5) → SO(4) → U (2). In order to implement the particular twist, we write U (2) ∼ U (1) × SU (2), and identify the SO(2) spin connection of the Riemann surface with the gauge fields of a particular combination of U (1) factors inside U (2). With this in mind, let us introduce our ansatz.
We start with the ansatz for the seven-dimensional metric
where ds
is an arbitrary metric on a three-manifold M 3 , the field ϕ depends on coordinates of M 3 , and ds
We require that the renormalization group direction resides within M 3 and in particular in the infrared of the flows, we want M 3 together with R 3,1 to turn into a "uniformized" metric on the Riemann surface Σ g together with AdS 5 (see Figures 1 and 2 for two explicit examples of flows),
Furthermore, we are only turning on U (2) ⊂ SO(5) gauge fields along M 3 . Thus, we embed U (2) → SO(4) → SO(5), or more precisely their corresponding Lie algebras. The particular embedding does not matter for our purposes, but in order to match to the truncation in [8] (and the solutions of [6, 7] ) one is required to make a particular choice. Therefore, our ansatz for the SO(5) gauge fields reads
with the remaining components turned off, and A ab are in fact U (2) gauge fields embedded into SO(4) (i.e. u(2)-valued one-forms embedded into so(4)-valued one forms). We emphasize that the gauge fields are only dependent on the (three) coordinates on M 3 .
Given the reduction of SO (5) to SO(4), we embed the scalars T ij parametrizing the coset SL(5, R)/SO(5) into scalars T parametrizing SL(4, R)/SO(4). Thus, we pick the following ansatz for the scalars
with T ab a symmetric unimodular 4 × 4 matrix, and λ as well as T ab only dependent on the coordinates of M 3 . We now further simplify the ansatz for the scalars, by imposing that T and consequently T are diagonal, i.e. This allows us to introduce purely U (2) indices for the gauge fields, i.e. A = A I T I , with T I generators of the Lie algebra u(2). However we shall mostly use the real so(4) notation, i.e. A = A ab O ab , with O ab the u(2) generators embedded into so(4).
Finally, with the above choice of ansatz for the gauge fields and the scalar, we can trivially solve the equation of motion for the three-form S i by setting
Apart from this, we also require the theory to preserve N = 1 supersymmetry in four-dimensions. Thus, we impose the following projection conditions on the Killing spinors [3] 
with a ∈ {1, . . . , 4}, which are consistent with the particular N = 1 twist. We shall in the following assume that the Killing spinors a surviving the above projection conditions are non-vanishing and solely dependent on the coordinates of M 3 . Now, let us reduce the seven-dimensional theory encoded in the Lagrangian (3.1) using the ansatz outlined in the previous section. This three-dimensional effective theory is expected to describe the cobordism between the ultraviolet Riemann surface A careful analysis of the Lagrangian and the corresponding equations of motion and Einstein equation gives the following effective three-dimensional Lagrangian L (CB) of the "cobordism theory" living on the three-manifold M 3
where R 3 is the three-dimensional Ricci scalar of M 3 , * 3 is the three-dimensional Hodge star operator, we introduced the notation
for the covariant derivative of the scalars, and the scalar potential is given by
Furthermore the U (2) gauge field (still embedded into SO(4)) A ij and its field strength F ij are now fields of a purely three-dimensional theory.
5 Two-dimensional Yang-Mills at the infrared fixed point
We shall now take the "infrared limit" of our effective three-dimensional "cobordism theory" living on M 3 . Given the renormalization group flows R 1 and R 2 depicted in Figures 1 and 2 , we impose that in the infrared limit we get AdS 5 × Σ (IR) g solutions. Thus, the infrared "boundary conditions" for ϕ are fixed as follows
where by o(1) we denote terms that vanish at r → ∞, and g 0 is a constant. 8 Furthermore, in [4] , it was explicitly shown that the metric on the internal Riemann surface uniformizes to a constant curvature metric.
9 Thus, we can fix the metric of the infrared, uniformized Riemann surface Σ (IR) g to have constant curvature metric. More concretely, the metric on M 3 is to leading order in the infrared limit given by (e −g 0 r) 4 ds Furthermore, the field strength and composite scalars satisfy the following asymptotic boundary conditions Given these boundary conditions, we can solve our equations of motion and supersymmetry conditions. A somewhat tedious, but ultimately straightforward analysis shows that for the scalars, we require Thus, we conclude that the three-dimensional effective Lagrangian in equation (4.9) reduces (up to some constant factors) to the two-dimensional Lagrangian
. This corresponds to the two-dimensional U (2) YangMills theory on Σ (IR) g . We have neglected the (constant) scalars and metric factors in the 8 For any real function p(x), we define p ∈ o(q), provided p(x)/q(x) → 0 for x → ∞. 9 Here we are discussing a more general system, yet the same result is expected to hold. 10 In the notation of the section 4, this translates to DΛ ij = 0 = dλ i . 11 We emphasize that this statement is actually rather non-trivial, since the equations (5.4) and (5.5) derived from the supergravity equations are non-trivial and crucial in concluding the reduction to twodimensional Yang-Mills. theory, as they are explicitly determined from solutions of two-dimensional Yang-Mills theory by the corresponding scalar equation of motion.
Thus, we observed that infared AdS 5 × Σ (IR) g solutions to our seven-dimensional holographic M5-brane setup reduce to two-dimensional U (2) Yang-Mills theory, a theory with known classical solutions [10] . Notice that we have yet to impose the CalabiYau condition (2.1), but before doing so, we shall discuss gauge-inequivalent solutions of the U (2) Yang-Mills theory on a (compact) Riemann surface Σ (IR) g following [10, 20, 21] .
The critical loci of two-dimensional Yang-Mills theory obviously contain flat connections on Σ (IR) g . However, there are further (unstable) loci given by solutions to the two-dimensional Yang-Mills equation with non-zero curvature. In order to find such (gauge-inequivalent) solutions, we start by writing the two-dimensional Yang-Mills equation
where d A is the covariant derivative with respect to the gauge connection A of the U (2)-bundle V C over the Riemann surface, and F A is the corresponding curvature two-form. Thus, f is a covariantly constant section of the adjoint bundle associated to V C . 12 This implies that the U (2) structure group reduces to the centralizer C U (2) (f ) ⊂ U (2) with respect to f . Put in more physical terms, the background curvature breaks the gauge group down to C U (2) (f ). Hence, any (non-flat) solution to (5.7) can be described as a flat connection for the gauge group C U (2) (f ), twisted by the constant curvature line bundle associated to the U (1) ⊂ U (2) generated by f . However, (gauge-inequivalent) flat connections are in one-to-one correspondence with group homomorphisms from the fundamental group π 1 (Σ (IR) g
) into the structure group of the bundle modulo conjugation. Thus (see Theorem 6.7 of [10] ), gauge-inequivalent solutions to (5.7) are described by conjugacy classes of the (two-dimensional unitary) representations
)) ⊂ SU (2), and Γ R the central extension of
) by R. 13 Given such a homomorphism ρ, the field strength F (ρ) associated to the corresponding gauge 12 Recall that we denoted by V C the complex rank-two bundle over the Riemann surface with U (2) structure group, whose total space is a local Calab-Yau threefold. 13 For Σ ) by Z is defined by introducing a further generator J commuting with a i and b i , ∀i and with the relation i [a i , b i ] = J. Then, the (normal) subgroup of this extension, generated by J is isomorphic to Z. Extending the center of Γ from Z to R field A (ρ) is explicitly written as
) , (5.10)
) the volume form on Σ (IR) g
, and f (ρ) is an element of u (2) given by dρ :
R → u(2). Thus, it remains to find all the possible f (ρ) .
If ρ is an irreducible representation, f (ρ) is simply given by µ1 2 ∈ u(2), with µ ∈ R. However the Chern class of a principal U (2)-bundle is integral,
and thus we conclude that
for some integer m ∈ Z.
However, in the case when ρ is (maximally) reducible, f (ρ) is central with respect to a subgroup
. Thus, we can decompose ad(V C ) into subbundles associated to different eigenvalues of ad f (ρ) . In particular, this means that the original U (2) bundle is decomposed into a U (1) 1 × U (1) 2 -bundle,
(5.13)
Now the respective Chern classes for the L i are given by the integers n i ∈ Z, with the total Chern class being their sum n 1 + n 2 . Thus, we find that
) .
(5.14)
However, we have yet to impose the Calabi-Yau condition (2.1). This will impose the condition 15) gives the group Γ R via the exact sequence
and thus it will lead to the constraint 16) in the case of irreducible representation, and
for reducible representations ρ. In particular this conditions further implies that we end up with a two-dimensional SU (2) Yang-Mills theory on the Riemann surface Σ
Given this analysis, we conclude that the critical points of SU (2) two-dimensional Yang-Mills theory on Σ (IR) g are in correspondence with the infrared N = 1 AdS 5 solutions arising from M5-branes wrapping Kähler two-cycles inside a Calabi-Yau threefold. Let us briefly remark on some straightforward consequences of this relation (we shall remark on some more speculative consequences in our conclusion):
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• The non-Abelian U (2) ⊂ SO(4) field strength of the seven-dimensional gauged supergravity reduces to the ones in (5.12) and (5.14) (up to some constant normalization and scalar factors) embedded into the Lie algebra so (4), and imposing the constraints (5.16) and (5.17) . Notice that in the former case, when ρ is irreducible, only the central
is fixed, and we are actually dealing with flat SU (2) connections. This case corresponds to the N = 1 Maldacena-Núñez solutions, whereas another extremal case given by n 1 = 0 or n 2 = 0 gives the enhanced N = 2 Maldacena-Núñez solutions [3] .
• The dimension of the conformal manifold of the corresponding N = 1 superconformal field theories is given by the sum of the dimension of the complex structure moduli space of the Riemann surface Σ ) + dim M ρ,(n 1 ,n 2 ) (V C ) , (5.18) where M (n 1 ,n 2 ) (CFT) is the conformal manifold of the N = 1 superconformal field theories of [7] , labelled by the integers (n 1 , n 2 ), M(Σ
) is the complex structure moduli space of the Riemann surface Σ (IR) g , and M ρ,(n 1 ,n 2 ) (V C ) is the moduli space of the critical points labelled by the representation ρ as well as the Chern numbers (n 1 , n 2 ). remains unchanged along those flows. However, the explicit solutions in [6, 7] suggest that the scalars as well as the metric undergo a nontrivial profile when flowing from one fixed point to another.
A straightforward generalization of our treatment in this paper is to explore whether two-dimensional Yang-Mill theory also appears in the infrared when one adds punctures on the Riemann surface (see the references [23] [24] [25] for supergravity duals of the sixdimensional N = (2, 0) theory reduced on Riemann surfaces with punctures). The classical solutions and moduli spaces of two-dimensional Yang-Mills theory on non-compact Riemann surfaces with punctures are more involved. Thus, employing two-dimensional Yang-Mills on Riemann surfaces with punctures to find a possible classification of AdS 5 fixed points could be very interesting.
Finally, it is interesting to perform a corresponding analysis for the case of M5-branes wrapping n-dimensional manifolds M n with n > 2. Preliminary results suggest that the effective theory living on the internal M (IR) n similarly reduces to a Yang-Mills theory with gauge group given by the structure group of the bundle over M n , with the total space of the bundle locally describing the special holonomy manifold. In the future, we intend to study in more detail three-manifolds M 3 inside a G 2 -manifold and four-manifolds M 4 inside a Spin(7)-manifold, since in those cases the corresponding (normal) bundle is particularly interesting (and nontrivial).
